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Abstract. Recently, there have been several progresses for the conjugacy search problem (CSP) 
in Garside groups, especially in braid groups. All known algorithms for solving this problem 
use a sort of exhaustive search in a particular finite set such as the super summit set and the 
ultra summit set. Their complexities are proportional to the size of the finite set, even when 
there exist very short conjugating elements. However, ultra summit sets are very large in some 
cases especially for reducible braids and periodic braids. Some possible approaches to resolve 
this difficulty would be either to use different Garside structures and Garside groups in order to 
get a sufficiently small ultra summit set, or to develop an algorithm for finding a conjugating 
element faster than exhaustive search. Using the former method, Birman, Gonzalez-Meneses 
and Gcbhardt have proposed a polynomial-time algorithm for the CSP for periodic braids. 

In this paper we study the conjugacy classes of periodic braids under the BKL Garside 
structure, and show that we can solve the CSP for periodic braids in polynomial time although 
their ultra summit sets are exponentially large. Our algorithm describes how to connect two 
periodic braids in the (possibly exponentially large) ultra summit set by applying partial cycling 
polynomially many times. 
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1. Introduction 

The conjugacy problem in groups has two versions: the conjugacy decision problem (CDP) is 
to decide whether given two elements are conjugate or not; the conjugacy search problem (CSP) is 
to find a conjugating element for a given pair of conjugate elements. The conjugacy problem is of 
great interest for the Artin braid group i?„, which has the well-known Artin presentation [Art47] : 

a-j = ajCTi if \i- j\ > 1: \ 

CTjCTi = CTjCTiO-j if \i - j\ = 1- / 

In the late sixties, Garside jGar69j first solved the conjugacy problem in the braid groups, 
and then his theory has been generalized and enriched by many mathematicians. The algo- 
rithms for solving the conjugacy problem, provided by Garside's theory, involve computation of 
finite nonempty subsets of the conjugacy class such as the summit set |Gar69| . the super summit 
set [EM941 IBKL981 IFG03| . the ultra summit set jGebOSj . the stable super summit set |LL06c] . the 
stable ultra summit set |BGG06b] and the reduced super summit set |KL06j . Let us call these sets 
conjugacy representative sets. The conjugacy representative sets depend not only on the group 
itself but also on the Garside structure on it, which is a pair of a positive monoid (equivalently, 
a lattice order invariant under left multiplication) and a Garside element. The braid group B„ 
admits two well-known Garside structures, the Artin Garside structure and the BKL Garside 
structure. Let B^^^^ and denote the braid group En endowed with the Artin and the 

BKL Garside structure, respectively. 



Bn — ( CTi, . . . , CFn-l 
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The best known upper bound of the complexity for computing a conjugacy representative set 
S is of the form OdiSI • p{n)), where 151 denotes the size of the set S and p{n) is a polynomial in 
n. Franco and Gonzalez-Meneses |FG03j and Gebhardt |Geb05| showed this when S is the super 
summit set and the ultra summit set, respectively, and it follows easily from their results that the 
complexities for computing the other conjugacy representative sets have upper bound of the same 
form. 

All of the known algorithms for solving the CSP in braid groups, and more generally in Garside 
groups, use a sort of exhaustive search in conjugacy representative sets. The most popular method 
is as follows: given two elements a and /3, one computes the conjugacy representative set S{a) of 
a and an element /?' in the conjugacy representative set of (3, and then check whether /3' belongs to 
^(a). Therefore, the complexity of this kind of algorithms for the CSP is at least the complexity for 
computing conjugacy representative sets, even when there exists a very short conjugating element. 
Recently, Birman, Gebhardt and Gonzalez-Meneses |BGG06b] introduced two classes of subsets, 
called black and grey components, of an ultra summit set, and showed that the conjugacy problem 
can be solved by computing one black component and one grey component. This new algorithm 
is faster than the previous ones, however it does not improve the theoretical complexity. 

The size of a conjugacy representative set is exponential in the braid index n in some cases, 
especially for reducible and periodic braids. See |BGG06c| §2] or Remark 14.21 (An n-braid is 
said to be periodic if some power of it belongs to (A^), the center of -B„, and reducible if there 
is an essential curve system in the punctured disk which is invariant under the action of the 
braid.) Therefore, a possible way to solve the CSP more efficiently would be either to use different 
Garside structures and Garside groups such that the conjugacy representative set in question is 
small enough, or to develop an algorithm for computing a conjugating element not in an exhaustive 
way but in a deterministic way. 

For periodic braids, Birman, Gonzalez-Meneses and Gebhardt showed in |BGG06bj that their 
new algorithm in [BGG06b] is not better than the previous one in |Geb05| . Hence they used 
in }BGG06c) different Garside structures and Garside groups in order to get a small super summit 
set. Using this method, they have proposed a polynomial-time algorithm for the CSP for periodic 
braids. 

It is well-known that the CDP for periodic braids is very easy: the results of Eilenberg jEil34j 
and Kerekjarto |Kerl9j imply that an n-braid is periodic if and only if it is conjugate to a power 
of either 5 or e, where S — 6^„) — cr„-i(Tri-2 ■ ■ • cri and e = £(„) — 5(7i, hence 

• an n-braid a is periodic if and only if cither a" or a"~^ belongs to (A^); 

• two periodic braids are conjugate if and only if they have the same exponent sum. 

In [BGG06c) . Birman, Gonzalez-Meneses and Gebhardt showed the following. 

• The sizes of the ultra summit sets of 6 and e in bIi^"^''"' are exponential in the braid index 
n, hence the complexity of usual algorithms for the CSP is not polynomial for periodic 
braids. 

• The super summit set of S'^' in B^^^^ is {6'^}, hence the CSP for (5- type periodic n-braids 
is solvable in polynomial time (in the braid index n and the input word length) by using 
the BKL Garside structure on _B„. 

• The CSP for e-type periodic n-braids is solvable in polynomial time (in the braid index n 
and the input word length) by using an algorithm for the CSP for (5-type periodic braids 
in i?2n^2' J together with algorithms for computing an isomorphism from P„^2 to Sym2n-2 
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and its inverse, where P„^2 is the subgroup of -B„ consisting of n-braids that fix the second 
puncture and Sym2.^_2 the centrahzer of '5"2^^2) -S2n-2- 

In this paper we develop a new polynomial-time (in the braid index and the input word length) 
algorithm for solving the CSP for periodic braids only by exploiting the BKL Garside structure on 
Bn, and study how to improve efficiency of the algorithms. Compared to the algorithm of Birman 
et. al. in jBGG06c] . our algorithm has lower complexity and, moreover, it uses a single Garside 
group B^n^^^ , hence the implementation is simpler. 

First, we study periodic elements in Garside groups. An element of a Garside group is said to 
be periodic if some power of it belongs to the cyclic group generated by the Garside element. For 
periodic elements in Garside groups, the super summit set is the same as the ultra summit set. 
Observing the previous results of Bestvina jBes99j and Charney, Meier and Whittlesey |CMW04] , 
we can see that every periodic element in Garside groups has a special type of power, which we will 
call a BCMW-power. We show the characteristics of BCMW-powers and its interesting property: 
the CSP for two periodic elements g and h in a Garside group is equivalent to the CSP for and 

, where is a BCMW-power of g. Then we study super summit sets of periodic elements in 
Garside groups. Especially, we show that super summit sets of a certain type of periodic elements 
are closed under any partial cycling. 

We show that, for some integers k, the super summit set of in B^^^^ is exponentially large 
in the braid index n. Using the results on periodic elements in Garside groups and using the 
characteristics of the BKL Garside structure on braid groups, we present an explicit method to 
transform an arbitrary braid in the super summit set of e'^ to by applying partial cycling 
polynomially many times, even when the super summit set is exponentially large. 

On the other hand, we discuss concrete methods for improving efficiency of the algorithms. 
Especially, using a known algorithm for powering integers [Coh93| IShoOSj and our recent result 
on abelian subgroups of Garside groups jLL06c| . we propose an algorithm for computing a super 
summit element of a power of a periodic element in a Garside group more eflticiently. 

We hope that the results of this paper on periodic elements in Garside groups are also useful in 
studying periodic elements in other Garside groups. This paper is organized as follows. §2 gives 
a brief review on Garside groups and braids groups with the BKL Garside structure. §3 studies 
periodic elements in Garside groups and their super summit sets. §4 studies super summit sets 
of e-type periodic braids in B^^^^ , and shows a method to find a conjugating element for any 
two braids in the super summit set of . §5 constructs algorithms for the conjugacy problem for 
periodic braids in B^n^^^- 

2. Preliminaries 

2.1. Garside monoids and groups. The class of Garside groups, first introduced by Dehornoy 
and Paris jDP99| . provides a lattice-theoretic generalization of the braid groups and the Artin 
groups of finite type. 

For a monoid M , let e denote the identity element. An element a G Af \ {e} is called an atom 
if a = be for b,e € M implies either b = e or e = e. For a £ M, let ||a|| be the supremum of 
the lengths of all expressions of a in terms of atoms. The monoid M is said to be atomic if it is 
generated by its atoms and ||a|| < oo for any element a of M. In an atomic monoid M, there are 
partial orders <l and <ij: a <l b if ac = b for some c e M; a <ji b if ea ~ b for some c € M . 

Definition 2.1. An atomic monoid M is called a Garside monoid if 
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(i) M is finitely generated; 

(ii) M is left and right cancellative; 
(ni) (Af, <l) and (Af, <_r) are lattices; 

(iv) M contains an element A, called a Garside element, satisfying the following: 

(a) for each a e M, a <l A if and only if a <ii A; 

(b) the set {a E M : a <l A} generates M. 

Recall that a partially ordered set {P, <) is called a lattice if there exist the gcd a Ab and the 
1cm a V 6 for any a,b E P. The gcd a A 6 is the unique element such that (i) a A 5 < a and a A 6 < b; 
(ii) if c is an element satisfying c < a and c < b, then c < a A 6. Similarly, the 1cm a V is the 
unique element such that (i) a < a\/ b and b < aM b\ (ii) if c is an element satisfying a < c and 
b < c, then aV b < c. Let A^ and (resp. A;? and V^) denote the gcd and 1cm with respect to 
<L (resp. <r). 

An element a of M is called a simple element if a <l A. Let I? denote the set of all simple 
elements. A Garside group is defined as the group of fractions of a Garside monoid. When M is 
a Garside monoid and G is the group of fractions of M, we identify the elements of M and their 
images in G and call them positive elements of G. M is called the positive monoid of G, often 
denoted G+. The triple (G, G+, A) is called a Garside structure on G. We remark that a given 
group G may admit more than one Garside structures. 

The partial orders and <fl, and thus the lattice structures in the positive monoid G"*" can 
be extended to the Garside group G. For g,h E G, g <l h (resp. g <ii h) means g^^h e G+ 
(resp. hg~^ G G"*"), in which g is called a prefix (resp. suffix) of ft.. 

For an element g G G, the Cte/iJ normal form of g is the unique expression 

g = A"ai • • - a^;, 

where u = max{r G Z : A*" <l g}, ai,...,a( G 2? \ {e, A} and (0^0;+! • • • a^) Al A = for 
i = 1, . . . ,£. In this case, inf((7) = u, sup((7) = u + £ and leTi{g) = I are called the infimum, 
suprimum and canonical length of respectively. 

Let T : G G be the inner automorphism of G defined by T{g) = A~-'^gA for all g £ G. The 
cycling and decycling of g are defined as 

c(.g) = A"a2---a£T-"(ai), 

d(g) = AV"(a,)ai...a,_i. 

We denote the conjugacy class {h^^gh : h G G} of g in G by [g]. Define infs(f;) = max{inf(/i) : 
/i G [(?]}, sups(g) = min{sup(/i) : ft G [g]\ and lens((7) = sups(g) — \n.is(g), which are called the 
summit infimum, summit suprimum and summit length of g, respectively. The super summit set 
[g]^ , the ultra summit set [g]^ and the stable super summit set [g]'^* are finite, nonempty subsets 
of the conjugacy class of g defined as follows (see |FG03[ [Geb05| lLL06cj for more detail): 

[g]^ = {he [g] : inf(ft) = inf^Cg) and sup(ft) = sups(g)}; 

[g^ — {ft G [g]^ : c^{h) = ft for some positive integer fc}; 

[ff]"^* = [9]^ ■ £ [5'']'^ for all positive integers k}. 

Elements of super summit sets are called super summit elements. 
For every element g e G, the following limits are well-defined: 

1. inf(5") / X sup(g") , , len(g") 
^inf(5j = lim ; isup(ff) = 1™ ; tien(g) = hm . 
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Figure 1. The shaded regions show the blocks in the non-crossing partition 
corresponding to the simple element [12, 10, 1] [9, 8, 2] [7, 6, 4, 3] in Bi2. 

These limits were introduced in jLLQ6a) to investigate translation numbers in Garside groups. We 
will exploit the following properties especially in ^ 

Proposition 2.2 f [LL06a[ lLL06b] ) . For g,heG, 

(i) t-miih-^gh) = tinfig) and tsupih'^gh) = isup(g); 

(ii) iinf(g") = n ■ tiniig) and isup(g") = n ■ Uupig) for all integers n > 1; 

(iii) inisig) = L^inf(ff)J and sup s{g) = \tsup{g)^; 

(iv) tinf(3) and tgupig) are rational of the form p / q , where p and q are relatively prime integers 
and 1 <q< ||A||. 

2.2. The BKL Garisde structure on braid groups. Birman, Ko and Lee |BKL98| introduced 
a then- new monoid — with the following explicit presentation — whose group of fractions is the braid 
group Bn. 



Bn = { ttij, I < j <i <n 



akittij ^ OijOki ii {k ~ i){k ~ j){l - i){l - j) > 0, \ 

aijOjk = ajkaik = OikO^j iil<k < j <i<n. j 

The generators are called band generators. They are related to the classical generators by 
o-ij = Ui-iUi-2 ■ ■ ' ^j+i'^j^J+i ■ ■ ' '^i^-2^7\- The BKL Garside structure of En is determined by 
the positive monoid which consists of the elements represented by positive words in the band 
generators and the Garside element 

S = On^n-i ■ ■ ■ 03,202,1. 

The simple elements in the BKL Garside structure are in one-to-one correspondence with non- 
crossing partitions. (Note that the simple elements in _b|/^'^*'"' are in one-to-one correspondence 
with n-permutations.) Let Pi, . . . , P„ be the points in the complex plain given by Pk = exp(^^i). 
See Figure[TJ Recall that a partition of a set is a collection of pairwise disjoint subsets whose union 
is the entire set. Those subsets (in the collection) are called blocks. A partition of {Pi, . . . , P„} is 
called a non-crossing partition if the convex hulls of the respective blocks are pairwise disjoint. 

A positive word of the form a.i^i^^-^ ■ ■ ■ Oi^i^Oi^i-^^^ 1 < ii < 12 < • • • < u- < rt, is called a 
descending cycle and denoted [ifc, . . . , i2, Two descending cycles, [ifc,...,ji] and 
are said to be parallel if the convex hulls of {P^j , . . . , Pi^ } and of {Pj^ , . . . , P,, } are disjoint. A 
simple element is a product of parallel descending cycles. 
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3. Super summit sets of periodic elements in Garside groups 

In this section G denotes a Garside group with Garside element A. Let m denote the smallest 
positive integer such that A™ is central in G, and let Ga denote the central quotient G/ (A™) 
where (A™) is the cyclic group generated by A™. For an element g £ G, let g denote the image 
of g under the natural projection from G to Ga- An element g of G is said to be periodic if g has 
a finite order in Ga or, equivalently, if some power of g belongs to (A™). In this section we study 
periodic elements in Garside groups. 

3.1. BCMW powers of periodic elements. Due to the work of Dehornoy |Deh98| . we know 
that Garside groups are torsion free, hence there is no non-trivial finite subgroup. We start this 
section with the results of Bestvina |Bes99j and Charney, Meier and Whittlesey [CMW04] for 
finite subgroups of Ga. The following theorem was first proved by Bestvina |Bes99[ Theorem 4.5] 
for Artin groups of finite type and then generalized to Garside groups by Charney, Meier and 
Whittlesey |CMWn4l Corohary 6.8]. 

Theorem 3.1 (Bestvina |Bes99| . Charney, Meier and Whittlesey |CMW04] ). The finite subgroups 
of Ga are, up to conjugacy, one of the following two types: 

(i) the cyclic group generated by A"a for an integer u and a simple element a G 2?\{A} such 
that if e, then for some integer q with 2 < q < ||A]|, 

(1) r(9-i)"(a) T(«-2)"(a) • • • T"(a) a = A; 

(ii) the direct product of a cyclic group of type (i) and (A*^) where A*^ commutes with a. 

Notice that the element A"a in Theorem 13. II (i) is clearly a periodic element because (A'"a)'' — 
A"^" T-(9-i)«(a) • • • T"(a) a = A''"+-'^. However, not every periodic element satisfies the conditions 
in Theorem O (i)- Namely, if A"a is periodic, then t^i-'^> {a) t^'^-'^'^'' {a) ■ ■ ■ t"" {a) a = A* for 
some positive integers q and t, but t is not necessarily 1. Motivated by this observation, we define 
the following notions for periodic elements. 

Definition 3.2. Let g he a, periodic element of a Garside group G such that iinf(<7) = p/q for 
relatively prime integers p and q with q> 1. 

(i) The periodic element g is said to be P-minimal if p = 1 mod q. 

(ii) A power h = g^ is called a BCMW-power oi g ii h is P-minimal and h generates the same 
cyclic subgroup of Ga as g does. 

(iii) The periodic element g is said to be C-tight ii p = mod m. 

It will be shown in Lemma 13.61 that a periodic element g is P-minimal if and only if g is 
conjugate to an element of the form A"a satisfying the conditions in Theorem 13. II (i). (It will be 
also shown that if A"a is P-minimal and belongs to its stable super summit set, then the simple 
element a is minimal among the positive parts of the powers of A" a other than the identity.) 
Therefore, if restricted to finite cyclic subgroups of Ga, Theorem [3T] is equivalent to the existence 
of a BCMW-power for any periodic element. 

For the periodic element g in Definition 13.21 q is the smallest positive integer such that 
belongs to the cyclic group (A) up to conjugacy. If g is C-tight, then belongs to (A™). This 
notion is irrelevant to Theorem 13. 11 but will be used later for Theorem 13. 141 

Example 3.3. Table [T] shows iinf(^'^) and iinf(£'^) for some braid index n in bJ,*'^''"^, the n-braid 
group with the Artin Garside structure, and in sjf , the ra-braid group with the BKL Garside 
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t- f(S'') in R^^''*'"< 
h^fie') in Sl^-^""! 


i- fr(5'=) in rI'^''""' 
h^iie") in 


tinf(e'=) in ^1 


t,Ae') in Mf" ' 


1 


2 
9 




Mf -1 + 1 


Mi = 1 + 11) 


2 


4 
9 


4 _ 2 
10 5 


20 9 1 2 
9 ~ ~'~ 9 




3 


6 „ 2 
9 3 


6 _ 3 
10 5 


Mf = f = 3 + 1 


33 _ o , A 
10 ^10 


4 


8 


8 4 
10 5 


40 ^4 ,4 
9 ^ ^ 9 


44 22 4 1 2 
10 ~ 5 ~ ^ 5 


5 






50 _ r I 5 

"9" - ^ + 9 


V ; 10 2 ^ ^ 2 


6 


(-)f = l = l + i 




60 _ 20 _ 1 2 
9 3 " 3 


66 33 R 1 3 
10 5 " ^ 5 


7 


f -1 + 1 


ii = l = l+l 


9 ' ^ 9 


11 = 7+ J- 

10 ' ^ 10 


8 


9 ^9 


16 _ 8 _ 1 1 3 
10 5 ^5 


80 o 1 8 
— - ^+ 9 


88 44 o 1 4 

To ---*'+ 5 


9 


(**)f = 2 


18 9 1 1 4 
10 5 ' 5 


(**)f = 10 


10 ^ ^ 10 



Table 1. In the table, (*) indicates that the periodic braid is P-minimal and 
(**) indicates that it is P-minimal and C-tight. 



structure. In the table, (*) indicates that the periodic braid is P-minimal and (**) indicates that 
it is P-minimal and C-tight. We know that and 5" are the smallest central power of A and 6 
in Bn- Observe the following. 

• Let G = bI^"""!. Since A is the Garside element and (5" = e"-i = A^, 

tini{S)^2/n and ii„f (e) = 2/(n - 1). 

Therefore, a 6-type periodic n-braid is C-tight if n is odd, and an e-type periodic n-braid 
is C-tight if n is even. 

• Let G = B^^^K Note that d is the Garside element. The super summit set of S'' is {S''} 
for all integers fc, hence the conjugacy search problem is easy for (5-type periodic braids. 
Hence we are interested only in e-type periodic braids. Since £"~^ = 5", 

iinf(e) = n/(n - 1). 
Since n is relatively prime to n — 1, every e-type periodic braid is C-tight. 

As mentioned earlier, it follows from Theorem 13.11 that every periodic element has a BCMW- 
power. We prove this in Theorem 13.81 in a different way using only the properties of the invariants 
^inf(-)i ^sup(-) and tien{-), and the stable super summit set. A new fact added by Theorem 13.81 
is that the exponent of a BCMW-power of a periodic element g is completely determined only 
by tinfig) and m, further, it can be computed easily from those values. Before we go into the 
theorem, we show necessary lemmas. 

Lemma 3.4. An element g in G is periodic if and only if t\cn{g) ~ 0, that is, tinf (5) — tsupig)- 

Proof. Let tinf (5) = p/l, where p and q are relatively prime and q > I. 
Suppose that g is periodic. Since g'^ = A' for some integers I and fc > 1, 

ilcn(ff) = I ■ U.nig'') - I ■ ilc„(A') = i • = 0. 

Conversely, assume that t\cn{g) = 0, that is, tinfig) — tgupig) — p/q- Then 
infs(5«) = L^inf(ff'')J = [q ■ tini{g)\ =P and sups(g'') = \tsup{g'^)^ = \q ■ tsup{g)^ =P- 
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Therefore g"^ is conjugate to A^, hence g is periodic. □ 

Lemma 3.5. Let g be a periodic element of G with tini{g) — vll for relatively prime integers p 
and q with q > 1. Then the following hold. 

(i) For all integers n, iinf(3") — n ■ tinf{g). 

(ii) \ens{g'^) is if k = mod q and 1 otherwise. In particular, [g^]^ = Is'^]^ for all k. 

(iii) g = 1 i/ and only if g is conjugate to A*' . 

Proof, (i) We know that tinf (ff") = n ■ iinf (g) holds if n is nonnegative. Let n be negative, then 
n = —k for some positive integer k. Since iinf (ff) = tsup{g) by Lemma [3.4l and ^inf (^^^) = ~ ^sup(^) 
for all /i € G, we have 

iinf(ff") = iinf((.9"^)'') = k ■ iinf(5"^) = k-{- tsupCg)) = n ■ tin{{g). 

(ii) For any positive integer k, 

lensig-'') = len,(<7'=) = sup,(.g'=) - inf,(5'=) = \tsup{9'')^ - L^inf(5'')J = \kp/q^ ~ lkp/q\. 

Therefore, for any integer k, \ens{g^) is either or 1, and lens(g'^) = if and only if kp/q is an 
integer. Because p and q are relatively prime, kp/q is an integer if and only if fc = mod q. 

(iii) Let q = 1. Then tinf(g) = tsupig) = P by Lemma [3.41 Since infs(g) — [iiiif(5)J = p = 
r^sup(5)l — sups((7), tbe element g is conjugate to A^. The converse is obvious. □ 

Lemma 3.6. Let g be a periodic element of G with ti^[{g) — p/q for relatively prime integers p 
and q > 2. Then the following conditions are equivalent. 

(i) g is P-minimal (i.e. p=l mod q). 

(ii) Every element h e [g]^* is of the form A"a for an integer u and a simple element a such 
that the simple element a is minimal in the set S = {A"'"^^'' ^h" : n e Z}\ {e} under the 
order relation <ji. 

(iii) Every element h G [g]^* is of the form A"a for an integer u and a simple element a such 
that T(«-i)"(a) T(9-2)u(a) . . . ^-"(a) a = A. 

(iv) g is conjugate to an element of the form A" a for an integer u and a simple element a such 
that T(«-i)"(a) r(«-2)"(a) • • • r"(a) a = A. 

Proof. We prove the equivalences by showing the implications (i) (iii) (iv) =^ (i) and (ii) <^4> 

(iii) . Note that the implication (iii) (iv) is obvious. 

(i) => (iii) Suppose that iinf(ff) — {uq + l)/q — u+l/q for an integer u. Because g is periodic, 
^sup(3) — tinf{g) = u + l/q hy Lemma 15^ Let h be an element of the stable super summit set of 
g. Then 

inf(/i) = mfsig) = L^inf (5)J = inf (/i'?) = inf^ig'^) = [q ■ ^inf (.9)J = uq + 1, 

sup(/i) = swpsig) = \tsupig)] =u + i, sup(/i'?) = supsig'^) = \g ■ ^(ff)! = "9 + i- 

Therefore, h = A"a for a E V\{e, A} and /i« = A^^+i. Note that 

A"9+i = = (A«a) • • • (A"a) = A"-? T('-i)"(a) r(?-2)"(a) • • • r"(a) a. 
This implies that A r(''-i)"(a) T(«-2)«(a) • • • r"(a) a. 

(iv) ^ (i) Suppose that 5 is conjugate to h — A"a for a e I'\{e, A} satisfying 

T('"i)"(a) T(«-2)«(a) . . . ^ ^ a. 
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Then /i« = A"«+\ hence one has iinf(/i) = (1/g) • tiniih") = [uq + l)/q. Since p/q = U^i{g) = 
tmi{h) = {uq + l)/q, one has p = uq + 1 = 1 mod q. 

(ii) (iii) For j > 1, let aj be the positive element defined by 

a. = r^j-^^^'ia) T(J-2)«(a) • • • T''(a) a. 

Note that hp = (A"a)^ A^^a^, hence lcn(aj) — \cn{h^) = len,5(g-') and it is if j = mod q and 
1 otherwise. In particular, len(ag) = sup(aq) — inf(aq) = 0, hence 

inf(ag) = sup(ag) > sup(a) > 1. 

Since inf (ai) = inf (a) = and < inf (aj+i) < inf (a^) + 1 for all j > 1, there exists 2 < j <q such 
that inf(aj) = 1. Let k be the smallest positive integer such that inf(a/j) = 1, then 2 < k < q. 
Since inf(afc_i) = and len(a/j_i) = 1, a/j_i is a simple element. Since 

A <L afc = r('=-^)"(a) • • • T"(a) a = T"(r('=-2)"(a) • • • r"(a)a) a = T''{ak-i)a, 

we have a — a'a" for some simple elements a' and a" such that r"(afe_i)a' = A, that is, a). = Aa" . 
Since inf(afc_i) = 0, we have a' ^ e, hence a" ^ a. Note that a" <ji a and h'' = A"*'+^a". If 
a" ^ e, then it contradicts the minimality of a under <fl. Therefore a" = e, hence o/j = A. Notice 
that len(aj) = if and only if j = mod q. Since 2 < k < q hy the construction, one has k = q 
and hence 

T(«-i)"(a) T(«-2)"(a) • • • T"(a) a = ag = ak = A 

as desired. 

(iii) ^ (ii) It is obvious since 5 = {e} U {r('=-i)"(a) r('=-2)«(a) • • • r"(a) a : fc = 1, . . . , g - 1}. □ 

Lemma 3.7. Let g be a periodic element of G with iinf(<?) = p/q for relatively prime integers p 
and q>l, and let r he a nonzero integer. Then, the elements g and g^ generate the same cyclic 
subgroup of Ga if and only if r is relatively prime to both q and m/ gcd(p, m) . 

Proof. Let {g) be the cyclic subgroup of Ga generated by g. For positive integers fc, let Z/fcZ 
denote the additive group of residue classes modulo k. Define a map <p : (g) ^ Z/{qm)Z by 

'/>(fl") = Q ■ tinfig") = q ■ {np/q) = pn mod qm, n e Z. 

We will first show that (j) is an injective homomorphism. <j> is well-defined because q ■ ijnf (A"*) = 
qm = mod qm. cf) is a homomorphism because iinf(<7") = n ■ ^inf (.?) for all integers n. If 
4>{g"') = mod qm, then iinf (5") = km for some integer k. Because (7" is periodic, we have 
tsup(fl'") = ^inf(p") = km, hence infs(£f") = sups(5") = km. Therefore 5" is conjugate to A^"*. 
Because A™ is central, one has = A*'™. This shows that (j) is injective. 

Let r be a nonzero integer. Since <^(.g") = pn mod qm for all integers n, the images of {g) 
and {g^) under (p are generated by the residue classes of gcd(p, qm) and gcd(pr, qm), respectively. 
Therefore it suffices to show that gcd(p, qm) = gcd(pr, qm) if and only if r is relatively prime to 
both q and m/gcd(p, m). 

For nonzero integers a, b and c, the following equality holds: 



gcd(a6, c) = gcd(a, c) • gcd {b, c/gcd(a, c)) . 
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Note that gcd(p, qm) — gcd(p, m) because p and q are relatively prime. Applying the above 
equality to a — p, b — r and c — qm, 

gcd{pr,qm) — gcd(p, qm) • gcd(r, qm/ gcd(p, qm)) 
= gcd(p, qm) • gcd(r, qm/ gcd(p, to)). 

Therefore, gcd(pr, qm) — gcd(p, qm) if and only if gcd(r, qm/ gcd(p, m)) — 1. Since qm/ gcd(p, m) = 
q ■ (to/ gcd(p, to)) and to/ gcd(p, to) is an integer, gcd(r, qm/ gcd(p, to)) = 1 if and only if r is rel- 
atively prime to both q and to/ gcd(p, to). □ 

Theorem 3.8. Let g be a periodic element of a Garside group G with tinf (.q) = p/q for relatively 
prime integers p and q with q > 1. j4 power g^ is a BCMW-power of g if and only if pr = \ mod q 
and r is relatively prime to m/ gcd(p, m). In particular, if q — 1 then g itself is a BGMW-power, 
and if q > 2 then there is an integer r with 1 < r < qm such that g^ is a BGMW-power of g. 

Proof. By Lemma 13.51 one has tin{{g^) — pr/q for any integer r. 

Suppose that g^ is a BCMW-power of g. Since (g) = {g^) in Ga, r is relatively prime to q and 
to/ gcd(p, to) by Lemma 13.71 Since q is relatively prime to p by assumption, q is relatively prime 
to pr. Therefore, pr = 1 mod q because g^ is P-minimal. 

Conversely, suppose that pr = 1 mod q and r is relatively prime to to/ gcd(p, to). Since pr and 
q are relatively prime, so are r and q. Hence (g) — (g^) in Ga by Lemma 13.71 Since pr = 1 mod q, 
g^ is P-minimal. Therefore g^ is a BCMW-power of g. 

If q = 1, then g itself is obviously a BCMW-power because it is P-minimal. 

We now show the existence of a BCMW power g^ with 1 < r < qm for q > 2. Since p and q 
are relatively prime, there exists an integer rg such that 1 < '"o < q and 

pro = 1 mod q. 

In particular, rg is relatively prime to q. 

Suppose that all of the prime divisors of m/ gcd(p, m) are also divisors of q. In this case, let 
r = rg. Then r is relatively prime to to/ gcd(p, to) since it is relatively prime to q. Moreover 
1 < r < q < qm and pr = 1 mod q, as desired. 

Let pi, . . . ,pk be all of the distinct prime divisors of m/ gcd(p, m) which do not divide q. For 
each Pi, take an integer relatively prime to pi. By the Chinese remainder theorem, there exists 
an integer r with 1 < r < qpiP2 ■ ■ ■ Pk such that 

r = ro mod q, r = ri mod for j = 1, . . . , fc. 

By the construction, r is relatively prime to m/ gcd{p,m) and = pro = 1 mod q. Moreover 
1 < r < qpip2 ■ ■ ■ Pk l£ q ■ rn/ gcd(p, to) < qTO, as desired. □ 

Combining with Lemmas 13.61 and 13.71 the above result implies the following. 

Corollary 3.9. Let g be a periodic element of G with tmf{g) — p/q for relatively prime integers 
p and q with q > 2. Then there exists an integer r such that the following hold. 

• g^ generates the same cyclic subgroup of Ga as g does. 

• g^ is conjugate to A"a for a simple element a G 'D\{e, A} such that 
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The exponent r depends only on the integers p, q and m, and it is characterized by the property 
that r is relatively prime to m/ gcd{p,m) and pr = 1 mod q. In particular, one can take r such 
that 1 < r < qm. 

Remark 3.10. Theorem 13.11 shows the structure of finite subgroups of Ga- In particular, every 
finite subgroup of Ga is abelian. Once we know that finite subgroups of Ga are abelian, then it 
is easy to prove Theorem 13 . II using only the properties of the invariants iinf(-)j ^sup(') and tion(-)j 
and the stable super summit set. However, it looks difficult to prove that finite subgroups of 
Ga are abelian without considering the action of G on Bestvina's normal form complex as done 
in |Bes99] and in |CMW04j . 

For g,h,x S G and n G Z, x^^gx — h implies x^^g"x = /i". But the converse direction 
is not true in general. Even though g" is conjugate to /i", g is not necessarily conjugate to h. 
Interestingly, the converse direction holds for BCMW-powers. 

Proposition 3.11. Let g be aperiodic element of G and g^ a BCMW-power. Then for elements 
h and x of G, x conjugates g to h if and only if it conjugates g^ to . Therefore, the conjugacy 
decision problem and the conjugacy search problem for (g, h) are equivalent to those for (g^ , h^), 
and the centralizer of g in G is the same as the centralizer of g^ in G. 

Proof. If x~^gx = h, then it is obvious that x~^g^x ~ h^ . Conversely, suppose that x^^g^x — h^ . 
We claim that there exist integers s and t such that 

Since {g) — {g"^) in Ga, there exist integers s and t such that g"^^ ~ A™*g. Since and g^ are 
conjugate, is periodic (hence h is periodic) and tinf{h^) = tini{g^)- Since g^"^^ = A™* and h is 
periodic, 

tsupih^'-^) = t^^fih'-'-^) = ■ ti^i(h-) = • t.^iig'-) = tinf(g'^^~^) = mt. 

r r 

Since mt is an integer, we have infs(/i''*~^) = sups(/i'"''~^) — mt, hence h^''"-^ is conjugate to A™*. 
Since A'"* is central, /i'^^-^ = A"*. Therefore h''' = A"*/i. 

Since x^^g^x ~ h^, we have x~^{A"^'^g)x = x'^g'^^x = K^^ = A™*/i. Since A™* is central, it 
follows that x^^gx — h. □ 

3.2. Super summit sets of P-minimal and C-tight periodic elements. Recall the definition 
of partial cycling introduced by Birman, Gebhardt and Gonzalez-Meneses |BGG06b] . 

Definition 3.12. Let g — A"aia2 • • • € G be in the normal form. Let 6 e 2? be a prefix of ai, 
i.e. ai — ba[ for a simple element a[. The conjugation 

T-^{b)-^gT~^{b) = A"a;a2 • • • a,T-"{b) 

is called a partial cycling of g by b. 

Remark 3.13. For a ultra summit element g — A'"aia2 ■ ■ ■ ag e G in the normal form with 
£ > 0, a simple element & 7^ e is called a minimal simple element for g with respect to [g]^ if 
b^^gb e [g]^ and no proper prefix of b satisfies this property. When partial cycling was defined 
at first in [BGG06b] . it was used only for conjugating 17 by a minimal simple element, a special 
prefix of r~"(ai). Unlike the previous usage, we deal with partial cycling which conjugates g by 
any prefix of r~"(ai). 
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We now establish the main result (Theorem I3.14p of this section that the super summit set of 
a P-minimal, C-tight periodic element is closed under any partial cycling. Joining Theorem 13.81 
that every periodic element has a BCMW-power, Theorem 13. 141 yields that the super summit set 
of a BCMW-power of a C-tight periodic element is closed under any partial cycling. Notice that, 
without one of the conditions in Theorem 13.141 the super summit set is not necessarily closed 
under partial cycling. We will show this in Example 13.151 

Theorem 3.14. Let g he a periodic element of a Garside group G. If g is P-minimal and C-tight, 
then the following conditions are equivalent for an element h conjugate to g. 

(i) ■mm = Ms{g). 

(ii) h G [g]^ , that is, mi{h) — inigig) and sup(/i) — snpsig)- 

(iii) h G [g]^*, that is, mf{h'^) — infs(g'^) and sup(/i''') — sups(g'^) for all k > 1. 

In particular, [g]^ is closed under any partial cycling. 

Proof. Let tinf (g) — p/q for relatively prime integers p and q with q > 1. The claim is trivial when 
q = 1, because g is conjugate to A^. Thus we may assume that q > 2. 

Because the implications (iii) (ii) (i) are obvious, we will show that (i) =^ (iii). Suppose 
that h is conjugate to g and mi{h) = infs(g). 

Because g is P-minimal and C-tight, p = + 1 = to/ for some integers u and /. Therefore 

tinl{h) = tsupih) = p/q = u + l/q, 
inf,(/i'=) = [k t,^f{h)\ =. lk{uq + l)/q\ = ku + [fc/qj , 
snpgih'') = \k tsupih)] = \k{uq + l)/q] = ku + [fc/g] 

for all integers fc > 1. Because infs(/i^) — sups(/i^) = uq + 1 = ml, /i* is conjugate to A™'. 
Because A™' is central. 

Because inf(/i) — mis{h) = u, there exists a positive element a such that 

h = A"a. 

Because sup(/i) > sups(/i) = m + 1, a is not the identity. Let ij} denote r". Then 

/t'^ = A'="V''"^(a)V'''"^(a) • • • '/'(a)a 
for all integers k>2. Because h'^ = A'""''^, 

A«" • A = A«"+i = h'' = A«"?/''"^(a)V'''"^(a) • • • V'(a)a- 

Therefore A = ip'i~^{a)ipi''^{a) ■ ■ ■ ip{a)a. In particular, tp'''^{a)il;''-'^{a) • • • a G V\{e, A} for ah 
integers k with 1 < k < q. Therefore 

inf(/i'') = u/c infs(/i'') and sup(/i'') = u/c + 1 = sups(ft,'') for A; = 1, . . . , q - 1. 

Because /i' = A™', this proves that h belongs to the stable super summit set. 

Now, let us show that [g]^ is closed under any partial cycling. Let h' be the result of an 
arbitrary partial cycling of an clement h in [17]'^. Partial cycling does not decrease the infimum by 
definition. Therefore inf(/i') = inf(/i) — inf s{g), whence h' belongs to [g]^ . □ 
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For g e G, Garside |Gar69j called the set {h G [g] : mi{h) — mis{h)} the summit set of g. 
Theorem 13.141 shows that for P-minimal, C-tight periodic elements, the notions of summit set, 
super summit set and stable super summit set are all equivalent. We already know that, for a 
periodic element, its summit length is at most 1, hence its ultra summit set is nothing more than 
its super summit set. 

The following example shows that the conditions in Theorem 13. 141 that the periodic element g 
is P-minimal and C-tight are necessary for the conclusion. 

Example 3.15. Recall that _b|i^'^''"' and B^^^^ denote the n-braid group with the Artin Garside 
structure and the BKL Garside structure, respectively. We will observe the following. 

• £(5) — <J4(J3a2<Jicri G ^^^''''"1 is P-minimal but not C-tight because iinf(£(5)) — 1/2. 

• £(6) = cr5cr4(J3(T2CiO'i G Bg'^'*'"' is C-tight but not P-minimal because iinf(e(6)) — 2/5. 

• e^gj = (5^g^[4,3, 2, 1] G Bg^^'"' is C-tight but not P-minimal because ^inf(£(g)) = 18/5. 

• For all of these examples, their super summit sets are not closed under partial cycling and 
different from their stable super summit sets. 

Note that e"^'^^ = = hence tinf(e(n)) = 2/(n- 1) in sli^''''"' and iinf(e(„)) = n/{n~ 1) 
in bI^^^^ . Therefore 

ii„f(e(5)) = I = i ini?f^""], 
iinf(£(6)) = § ini?f'"'^l, 
W4))-3-| = f = 3 + 1 inSr"'- 
Consider the elements gi — (Jiaiazcr^cFi in [£(5)]'^ and g2 — <Ji<Jb(^icrz<72(Ti in [£(g-)]"^, under the 
Artin Garside structure. The partial cycling on gi and g2 by (Ti yields £(5) — {<J4a3a2(7i)ai and 
£(6) — {<Jb<^iCF^a2(yi)ai, respectively. Neither £(5) nor £(g) is a super summit element, because they 
have canonical length 2. Hence, [£(5)]'^ and [£(6)]'^ are not closed under partial cycling. 
The normal forms of g\ and are as in the right hand sides in the following equations: 

g\ — {aiai(T3<72cri){aiai(T3<72cri) — {<7 la 3(72<7 i<y icr zcr 2) ■ (o'iO'2), 

In particular, g\ and (7I have canonical length 2, hence they do not belong to their super summit 
sets. Hence [£(5)]'^' ^ [£(5)]'^' and [£(6)]'^ ^ [£(6)]'^*- 

Now we consider £^g^ G B^^^^\ Clearly, £^gj belongs to its super summit set because it has 
canonical length 1. Note that 

£(6) = ^(6) [4,3,2,1]= <5fg) [4, 1] [4, 3,2]= 5%^ [4, 2] [4, 3] [2,1]. 

(6) 



Partial cycling of £?g^ by [4, 1] gives 



<5fg)[4,3,2]r-3([4,l]) = jfg)[4,3,2] [4,1]. 

Note that [4, 3, 2] [4,1] is not a simple element, hence [£(g')]'^ is not closed under partial cycling. 
Let 33 be the result of partial cycling of £^g.j by [4, 2], that is, 

33 = <5fg) [4, 3] [2, l]r-3([4, 2]) = <5fg) [4, 3] [2, 1] [5, 1] = [4, 3] [5, 2, 1]. 

Then 173 G [^(g)]'^ because [4, 3] [5, 2, 1] is a simple element. On the other hand, the normal form of 
g^ is as in the right hand side of the following equation. 

9I = 51^) [4, 3] [5, 2, l]<5fg) [4, 3] [5, 2, 1] = <5fg) [6, 1] [5, 4, 2] [4, 3] [5, 2, 1] = 5fg) [6, 1] [5, 4, 3, 2] • [5, 2, 1] 



14 



EON-KYUNG LEE AND SANG JIN LEE 



Because has canonical length 2, it does not belong to its super summit set. Hence [£(g)] 

From Theorems 13.81 and 13.141 we have the following result. 

Corollary 3.16. Let g be aperiodic element of a Garside group G. If g is G-tight, then the super 
summit set of a BGMW-power of g is closed under any partial cycling. 

Proof. Let tinf (ff) = p/q for relatively prime integers p and q with q > 1. The claim is trivial if 
q = 1, so we may assume that q> 2. 

Let g^ be an arbitrary BCMW-power of g. Then ti^iig^) = pr/q (by Lemma 13. 5p . where pr 
is relatively prime to q (by Theorem 13. 8p . Since g is C-tight, one has p = mod m and hence 
pr = mod m, which means that g^ is a C-tight periodic element. On the other hand, g^ is 
P-minimal (by definition), hence [g^]^ is closed under partial cycling by Theorem 13. 141 □ 

4. Super summit sets of e-type periodic braids 

In this section we consider the BKL Garside structure for the braid group _B„. In this Garside 
group, the braid S {— a„^„_i ••• 03^202,1) is the Garside element. This means that the super 
summit set of S'' consists of a single element S'' for all integers k. Therefore, the conjugacy search 
problem for 5-type periodic braids is easy. But it does not hold for e-type periodic braids. Notice 
that, for all integers fc, len(e'^) < 1 and e'^ G [e'^]'^ = [e'^]^ in slf^^'. 

The main results of this section are Proposition 14. 1 1 and Proposition 14. 71 

• In Proposition 14. II we show that the size of the ultra summit set of 5"[fc, fc — 1, . . . , 1] is at 
least Cfc, the kth Catalan number if u and k satisfy some constraints. Asymptotically, the 
Catalan numbers grow as 

C =J—(^''] 4' 
k + l\k)^ki^' 

This implies that the ultra summit set of e'^ in is exponentially large with respect 

to n for some k. 

• In Proposition 14.71 we show that by applying polynomially many partial cyclings to an 
arbitrary super summit element of e'' for proper divisors d of n — 1, we obtain e'^. 

Proposition 4.1. Let a be an n-braid such that 

TL n 
a = (5"[fc,fc- 1,. . ., 11, 2<fc<u<- or 2<fc = u + l<-. 

Then the cardinality of [a]^ is at least Ck, the kth Gatalan number. 

Proof. From [BKL98] . there are Ck left divisors of [fc, fc — 1, . . . , 1]. Let Ui, i = 1, . . . ,Cfc, denote 
them. For each i, let bi be the simple element satisfying Oibi = [fc, fc — 1, . . . , 1], hence 

a = ,5"[fc,fc~l,...,l] =S''aA, i = l,2,...,Ck. 

For i = 1, 2, . . . , Cfc, let be an element such that 

a, = 6,afori =fo^5«a,, ^<5"r"(6,)a,. 

First, we show that each is a ultra summit element. Observe that, for all i, 

T"{bi)a, <L T'^{hi)a^h <r T''{a,b,)a,h = [u + fc, . . . , u + 2, m + 1] [/c, . . . , 2, 1]. 
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Notice that 2<k<u + l<u + k<n. Iffc=u+1, then 

[u + k, . . . ,u + l][k, . . . ,2,1] = [u + k, . . . ,u + l][u + 1, . . . ,2,1] = [u + k, . . . ,2,1]. 

If k < u, then the descending cycles [u + k, . . . ,u + 2,u + l] and [fc, . . . , 2, 1] are parallel. In either 
case, [u + k, . . . , u + 2, u + 1] [k, . . . ,2, 1] is a simple element. Therefore T'^{bi)ai is a simple element, 
hence Ui belongs to the ultra summit set [a]^ for all i. 

Next, we show that a^'s are all distinct. Suppose that ai = aj for some i and j. Because 
T"(6i)ai = T'^{hj)aj, 

Note that ataj^ belongs to the subgroup (cti, . . . , crfc-i) whereas belongs to the subgroup 

(cr„+i, . . . ,cr„+fc_i). Because {ai, . . . ,ak-i) n ((t„+i, . . . , cr„+fc-i) = {e}, we obtain r"(6~^&j) = 
GiaJ^ = e. Therefore at = aj, hence i = j. □ 

Remark 4.2. Let a G sjf be as in the above proposition. Notice that if k is proportional to 
n such as fc ^ n/2, then the size of the ultra summit set of a is exponential in the braid index n. 
Hence Proposition l4. II shows that the ultra summit sets of the following braids are huge in bI^^^K 

• If fc = ?i + 1, then a = S''-^[k, k - 1, . . . ,1] = e''-^. (See Figure [2] (a).) 

• If fc < ?i and u is a divisor of n, then a is reducible. (See Figure [2] (b).) 

• If fc < u and u is not a divisor of n, then a seems to be a pseudo-Anosov braid. However, 
it would be beyond the scope of this paper to prove it. 

Lemma 4.3. For any positive divisor d of n — 1, the element e'^ is P-minimal and C-tight. In 
particular, [e'^]^ is closed under any partial cycling. 

Proof. Notice that n is the smallest positive integer such that 5" is central. Let q — [n — 1)/ d, 
hence n = dq + 1. Then q and n are relatively prime and 

, (d-. nd n 1 

linf(.£ ) ~ r = — = • 

n~l q q 

Therefore e'^ is P-minimal because dg + 1 = 1 mod q, and C-tight because dq+1 = n = {) mod n. 
By Theorem 13. 141 the super summit set [e*^]^ is closed under partial cycling. □ 

The following lemma shows how to find a C-tight BCMW power of an arbitrary e-type periodic 
braid. 

Lemma 4.4. Let a G Bn be conjugate to for fc 7^ 0. Let d — gcd(fc,n — 1), and r and s be 
integers such that kr + {n — l)s = d. 

(i) is a C-tight BCMW-power of a, being conjugate to 

(ii) Let ai — 6"'^a^ . An n-braid 7 conjugates a to e*' if and only if it conjugates ai to e'^. 
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Proof, (i) As we have seen in Example 13.31 every e-type periodic braid is C-tight under the 
BKL Garside structure. We now show that is a BCMW-power of a using Theorem 13.81 Let 
q = {n — l)/d and k' — k/d, then 

. , / \ ^ 1 Tik 

tinfia) = iinf(e ) = • k = . 

n — I q 



Since q is relatively prime to both n and k' , nk' is relatively prime to q. Because — ^ = 1, 

it suffices to show that nk' • r = 1 mod q. This follows from the following formula. 

,, nkr n(d—(n—l)s) n(d^dqs) , ^ , , , 

nk'r = — = — = ^ = n{l - qs) = (1 + dq){l - qs) = I mod q. 

Since a is conjugate to e'', the power a'' is conjugate to e'^'' = ^d-{n-i)s _ j-^n-i-j-s^d _ g-ns^d^ 
(ii) It is an easy consequence of (i). We just use Proposition 13. 1 II that j^^aj — if and only if 

Corollary 4.5. Let both a and /? he conjugate to for k ^ 0. Let d ~ gcd(A;, n — 1), and r and 

s be integers such that kr + {n — l)s = d. Let ai ~ 5"'' a'' and /?i — J"*/?''. Then an n-braid 
7 conjugates a to P if and only if it conjugates ai to /3i . In other words, the conjugacy search 
problem for is equivalent to the conjugacy search problem for (q;i,/3i). 



Proof. There is 71 S Bn with /3 = 7i ^e''7i, which implies /3i = ^£^71 by applying Lemma WA 
to (/3,/3i). Now apply Lemma WM to (a, ai), then we have 



7 ^ = 7 "'"e'^717 if and only if ai = 7 "^^^ "'"£''717 = 7 ^Pi'j. 



□ 



From the above observation, to solve the conjugacy search problem for periodic braids, it suffices 
to consider the conjugacy classes of e'^ in Bn only for the divisors 0<c?<n — lofn— 1 instead 
of for all integers k. Before proving Proposition 14.71 we need to show a property of 6. 



Lemma 4.6. Let a and /3 be n-braids such that 6 — a/3 = /3a. Then a is a power of 6. 

Proof. Since a6 — a{/3a) = (a/3)a = Sa, the braid a belongs to the centralizer of 6. It is well- 
known that the centralizer of S is the infinite cyclic group generated by S (see |BDM02) or |GW04j ). 
hence a is a power of S. □ 

For an n-braid a, let 7r(a) denote the induced permutation of a. We assume that the n- 
permutation TT{a) acts on {1, 2, . . . , n} from right, and the expression k * 7r(a) indicates the image 
of k under the action of 7r(a). For < d < n — 1, notice that infs(£'^) = inf(£'') = d and 
lens{e'^) = len(£'') = 1 (by Lemma TS.Sp . and that the fixed point set of TT{e'^) is {!}, hence every 
conjugate of e'^ has exactly one pure strand. The next proposition shows how to find very efficiently 
a conjugating element from e"^ to any given element in the super summit set of £**. 

Proposition 4.7. Let < d < n — 1 be a divisor of n — 1, and let q — {n — l)/d. Let a — be 

an n-braid conjugate to e'^ , having the t-th strand pure, where a £ 'L)\{e, S} and 1 < t < n. Then 
the following hold. 

(i) If the simple element a has only one descending cycle, then e'^ = S*~^aS~^*~^\ 

(ii) // the simple element a has more than one parallel descending cycles, then at most q — 
1 iterations of partial cycling on a descending cycle of it reduce the number of parallel 
descending cycles. 
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Proof, (i) Suppose the simple element a has only one descending cycle. First, suppose t = 1, 
that is, the first strand of a is pure. Let tt{S'^) and 7r(a) be the induced permutations of 6"^ and a. 
Because 1 * TT{d'^a) — 1 and 1 * tt{S'^) = d + 1, we have 

Since d + 1 7^ 1, the number 1 is contained in the descending cycle of a. On the other hand, 
because a = is conjugate to e'^ ~ 6'^[d + l,d, ... ,1], the exponent sum of a is equal to that of 
[d + 1, d, . . . , 1] . This means that the descending cycle of the simple element a has d + 1 numbers. 
Therefore a is of the form 

[nrf,nd_i, . . . ,ni, 1], 1 < ni < • • • < Ud-i < Ud < n. 

Since rid * ""(o-) = Ij we obtain rid = d+1 and hence a = [d+ 1, d, ■ ■ ■ ,1]. This means that a = e*^. 

Now consider general cases. If the <-th strand of a is pure, then the first strand of 5*^^a6^^*~^'> 
is pure, hence, by the above argument, e"^ — S'^~'^aS~^*~^\ 

(ii) Notice that a <E [e'^]^ because len(Q!) = 1. Suppose the simple element a has more than one 
parallel descending cycles. Among them, take any descending cycle, say oi. Then a — aia2 for a 
non-identity simple element a2 . We will show that at most q — 1 iterations of partial cycling on 
ai reduce the number of parallel descending cycles. 
Let "0 = r''. The partial cycling of a by a 1 is 

By Lemma we know that [e"^]^ is closed under partial cycling. This implies that ai £ [e"^]^ and 
hence a2'4'~^{ai) is a simple element. If the number of parallel descending cycles is not changed, 
then 

a2'>p~^{ai) = ■)p~^{ai)a2. 
Now we do partial cycling on ai by 'ip~^{ai) and obtain 

a2 = S'^a2il^~^iai). 

By the same reason as above, a2^/'~^(ai) is a simple element. If the number of parallel descending 
cycles is not changed, then 

a2')p~'^{ai) = -0~^(ai)a2. 

Now assume that up to q — 1 iterations of partial cycling on ai do not decrease the number of 
parallel descending cycles of a. Then ip~''{ai)a2 — a24'~^{o,i) for all k = 0, 1, ... ,q — 1, which 
implies that 

(2) ip^{a2W{ai) =^'{aiW{a2), for ah i, j e {0, 1, . . . , g - 1}. 

We know that is P-minimal and C-tight (by Lemma l4.3p . hence a € [e"^]^ = [e'']'^* (by 
Theorem 13.14^ . Notice that tinf(e'^) = nd/{n— 1) = n/q and that n and q are relatively prime. 
Therefore 5 — ip'^~^{a)ip'^~'^{a) ■ ■ ■ ip{a)a (by Lemma [XB)) . Combining with Equation ©, we have 

S = AB ^BA 



where A = ip'^-'^{ai)ip''~'^{ai) ■ ■ ■ ip{ai)ai and B 
are not the identity, we have A, B £ V \ {e, 5}. 
which contradicts Lemma 14.61 



— ip'' ^{a2)4''^ ^(02) • • • '0(a2)a2- Since oi and 02 
In particular A and B cannot be a power of S, 

□ 
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5. Algorithms for the conjugacy problem for periodic braids 

Using the results in the previous sections, we construct algorithms for solving the conjugacy 
problem for periodic braids in B^^^^ . The following is an overview of the algorithms we will 
describe in this section. 

• Algorithms I and III are basic algorithms from which the other algorithms are constructed. 
Algorithm I provides an efRcient method for powering periodic elements in Garside groups, 
and Algorithm III solves the CSP for periodic n-braids conjugate to e'', where d is a proper 
divisor of n — 1. 

• Algorithm II solves the CDP for periodic braids and the CSP for S-type periodic braids. 
Our solution to the CDP for periodic braids is more efficient than Algorithm A of Birnian, 
Gebhardt and Gonzalez-Meneses |BGG06c] because we use Algorithm I, the power conju- 
gacy algorithm for periodic elements. Our solution to the CSP for (5-type periodic braids 
is the same as Algorithm B of Birman, Gebhardt and Gonzalez-Meneses |BGG06c] . 

• Algorithm IV solves the CSP for e-type periodic braids. 

• Algorithm V is a complete algorithm for the CDP and the CSP for periodic braids. 

Because Algorithm I works for periodic elements in any Garside group, we describe it separately 
in §5.1. The other algorithms are described in §5.2, which work for the braid groups with the BKL 
Garside structure. In §5.3, we compare the complexities and the necessary implementations of our 
algorithms and those of Birman, Gebhardt and Gonzalez-Meneses in |BGG06c] . 

Given a Garside group G, let G"*", A and T> denote the positive monoid, the Garside element 
and the set of simple elements, respectively, of G. Let m be the smallest positive integer such that 
A™ is central in G. 

Before going into algorithms, let us first discuss how to represent elements of Garside groups for 
inputs of algorithms. The following two types of words are commonly used: a word in the atoms 
and a word in the simple elements. For example, an element in B^^^^ can be represented by a 
word in the band generators or by a word in the simple elements which are products of parallel 
descending cycles. 

In the following, we define words in the simple elements in a little unusual way. We explain the 
motivation briefly with an example. Let g be an element of G represented by the word 

T^ = a^ A_^4^ 

u 

where u > 1, ai,a2 G 2? and fci, ^2 G {^1, !}• Assume that u is very large. A natural algorithm 
for computing the normal form of g would be as follows: (i) collect A's in W and obtain g — 
a^^A'^a2^ = A"T"(ai)''ia2^ (ii) compute r"(ai); (iii) compute the normal form of t"^ {ai)''^ ; 
(iv) output the normal form of g which is the concatenation of A" and the normal form of 
T"(o^)a^^ Here, we remark the following two things. First, the word length oiW is u + 2, hence 
if we use the usual result on the complexity for computing normal form, it will be 0{v?'T) for 
some constant T, which is unnecessarily large. Second, if A's are already collected so that g is 
represented by then the complexity for computing the normal form of g is independent 

of u. Therefore, in the following definition, we allow powers of A to be contained in a word W in 
the simple elements, and we discard them when measuring the word length of W . 
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Definition 5.1. By a word in the simple elements in a Garside group G, we mean the following 
type of word W: 

= A"0a^A"i4=A"^ •••a^A"' , u, e Z, a,eV, fc, e{-l,l}. 

Define |VF|simpic = r, the number of the simple elements a,;. We use the notation p^atom (j-gsp_ 
^simple -J i2^(jicate that is a word in the atoms (resp. in the simple elements), when we want 
to make it more clear. 

For example, if a word W is the normal form of an element 5 in a Garside group, then |iy|simpic 
is the same as the canonical length of g. Observe the following. 

• Every atom is a simple element. Therefore, a word in the atoms can be regarded as a 
word in the simple elements with the same word length. 

• A word W in the simple elements, W = A^^aJ"^ A"i • • • aJ:''A"'', can be transformed to a 
word in the atoms by replacing each simple element with a product of atoms. Let 

be such a transformed word. Then we have the following inequalities: 

IW^I.imple < < II All • {\WUnnplo+J2\u^\), 

where denotes the word length of The above formula shows that words in 

the simple elements provide a more efficient way to implement elements in Garside groups 
than words in the atoms. 
For the algorithms in i j5.1l and §??, we assume that the elements of Garside groups are repre- 
sented by words in the simple elements, and we analyze their complexities with respect to | • |simpic- 

5.1. Povifer conjugacy algorithm for periodic elements in Garside groups. In this subsec- 
tion, we discuss complexities for algorithms in Garside groups, and then give an efficient method 
for powering periodic elements. 

We first recall the following notions in }Deh02| . For simple elements a and b, there is a unique 
simple element c such that ac — a\/ i^b. Such an element c is called the right complement of a in b. 
Similarly, the left complement of a in 6 is the unique simple element c such that ca = a W r b. For 
a simple element a, let *a and a* denote the left and right complements of a in A, respectively. 
Therefore *a and a* are the unique simple elements satisfying *aa — A — aa*, that is, *a — Aa~^ 
and a* = a^^A. 

Definition 5.2. Let Tiatticc be the maximal time for computing the following simple elements: 

• a Al b and a\/ ^ b from simple elements a and b; 

• *a and a* from a simple element a; 

• T"(a) from a simple element a and integer < u < m. 

Remark 5.3. Because T(a) — A^^aA — (a^^A)^^A = (a*)*, we can compute r(a) by computing 
the right complements twice. Therefore, for < u < m, we can compute T"(a) by computing right 
complements at most 2u times. However, there are usually more efficient methods for computing 

In i?]^"^*™', the simple elements are in one-to-one correspondence with the n-permutations. If 9 
is the n-permutation corresponding to a simple element a, then the permutation corresponding to 
T(a) is 9' defined by 9'{i) = n + 1 ~ 9{n + 1 — «) for 1 < i < n. Moreover is the identity, hence 
for any integer u, T"{a) can be computed in time 0(n). Note that the a Al b for simple elements 
a and b can be computed in time 0{n\ogn) }Thu92j . 
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In Bn , the simple elements are products of parallel descending cycles. If is a 

descending cycle, then T"{[ie, • ■ • , ii]) — [ie + u, . . . ,ii + u], hence for a simple element a, r"(a) 
can be computed in time 0{n). 

Lemma 5.4. For simple elements a and b in a Garside group G, the following operations can he 
done in time ©(Tiatticc)- 

(i) a Ar b and a Vt? b. 

(ii) r"(a) for an integer u. 

(iii) The left and the right complements of a in b. 

(iv) The normal form of ab. 

Proof, (i) It is known by |Deh021 Lemma 2.5 (ii)] that 

a Afl 6 = *(a* Vi 6*) and a V_r = (*a Al *6)*. 

Therefore a Ar b can be computed by computing two right complements, one 1cm and then one 
left complement, hence it can be computed in time O(Tiatticc)- Similarly for a V/j b. 

(ii) For any integer u, there is an integer uq such that u = uq mod m and < ug < m. Because 
T™ is the identity, T"(a) = T"o(a). 

(iii) Let c be the right complement of a in 6, that is, ac = a Vl b. Since 

*(a Vl b)ac = *(a Vl &)(a Vl b) = A, 
we obtain that *(a Vi, 6)a is a simple element and 

(*(aVL b)ay^A= {*{aWL fo)a)*. 
Therefore the element c can be computed in time C'(riatticc)- Similarly for the left complement. 

(iv) Let a'b' be the normal form of ab. Then 

a' = A Al (ab) ^ (aa*) Al {ab) ^ a{a* ALb) and b' = {a* Al by^b. 

It is obvious that a' can be computed in time O(Tiatticc)- Note that b' is the right complement of 
a* Al b in &, hence it can be computed in time ©(Tiatticc) by (iii). □ 

Recall that, for a positive element g in G, \\g\\ denotes the maximal word length of g in the 
atoms in G+. The following lemma is well-known. See |DP99j and [BKLOlj . 

Lemma 5.5. Let g he an element of a Garside group G. 

(i) Let g he given as a word W in the simple elements with I = simple- Then the normal 
form of g can he obtained in time 0{P ■ Tiatticc)- 

(ii) Let g he in the normal form. Then the normal forms of the cycling and the decycling of 
g can he obtained in time 0(\cn{g) ■ Tiatticc)- 

(iii) Let g he in the normal form. Then the total number of cyclings and decyclings in order to 
obtain a super summit element is C'(len(gr)- 1| A||). Therefore we can compute a pair (gi, hi) 
such that g I £ [g]^ is in its normal form and h^ gihi = g in fime C'(len((7)^ - ||A|| -Tiatticc) - 

Note that in sli^"^''"' one has ||A|| = ||A(„)|| = n{n— l)/2 and Tiatticc — nlogn by [Thu92] . and 
that in sjf^'"' one has ||A|| = ||(5(„)|| = n — 1 and Tiatticc = by |BKL98| . 

Definition 5.6. If an element g in a Garside group G is periodic and belongs to its super summit 
set, we call it a periodic super summit element. 
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In order to solve the CDP/CSP for periodic eleraents in Garside groups, we need an algorithm 
for powering a periodic element and then computing a super summit element of that power. 

Power conjugacy algorithm 

INPUT: an integer r > 1 and a periodic super summit element g in G. 
OUTPUT: a pair {h,x) of elements in G such that h E [g^]^ and x~^hx — g"^. 
A naive algorithm would be the following. 

1. Compute the normal form of g^ . 

2. Apply iterated cycling and decycling to g^ until a super summit element h is obtained. 
Let X be the conjugating element obtained in this process such that x~^hx = g^ . 

3. Return (/i, x). 

Note that len((7) = \eiis{g) < 1, because g is a periodic super summit element. Because \en{g^) = 
r \eTi{g) = r in the worst case, the complexity of the above algorithm when g is given in the normal 
form is 

Oir^ ■ Tiatticc) + 0{r^ ■ || A|| • Tiattice) = 0{r^ ■ ||A|| • Tiatticc)- 

We will improve this algorithm so as to have complexity 0{\ogr ■ ||A|| • Tiatticc)- Our idea is 
based on the repeated squaring algorithm in Z/nZ, also known as exponentiation by squaring, 
square-and-multiply algorithm, binary exponentiation or double-and-add algorithm. We remark 
that our algorithm is interesting not only because it gives an efficient method for powering, but 
also because it exploits a recent result on abelian subgroups of Garside groups |LL06c] . 

Let us explain the repeated squaring algorithm in Z/nZ briefly. See |Coh93| Page 8] or jSho05| 
Page 48] for more detail. Let a, n and r be given large positive integers from which we want to 
compute a"" mod n. A naive algorithm for computing is to iteratively multiply by a a total of r 
times. We can do better. Let r — kg + 2ki + 2^k2 + • • • + be the binary expansion of r. Then 
we have the formula 

= n . 

fei#0 

The right hand side is a product of at most t + 1 — [log2 rj + 1 terms and can be obtained by 
squaring i times as a^' = (• • • ((a^)^)^ • • • )^. Therefore can be computed by C'(logr) multipli- 
cations. This idea is implemented as follows. 

Algorithm. (Repeated squaring algorithm in Z/nZ) 
INPUT: positive integers a, n and r. 
OUTPUT: a' mod n. 

1. Compute the binary expansion r = fco + 2fci + 2^fc2 + ■ • • + 2*kt, ki £ {0, 1}, of r. 

2. Set X 1 mod n. 

3. For i ^ t down to 0, do the following. 

If ki = 1, set X -^r- x^a mod n. Otherwise, set x <— x^ mod n. 

4. Return x. 

Let n = lr/2'\ = fc, + 2fc,+iH h2*-'fct. Then n = 2r^+i + h, hence a''' = (a'''+i)2a if fc,; = 1 

and a*"' — (0'''+^)^ if ki — 0. At step 3 we are computing a^' from a^^+^ for i = t, t — 1, . . . , 0. 

Proposition 5.7. Let g be a periodic super summit element of a Garside group G, being in the 
normal form. For a positive integer r, there is an algorithm of complexity ©(logr • |jA|| • Tiatticc) 
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that computes a pair {h,x) of elements of G such that h G [g^\^ is in the normal form and 

Proof. Let t = [log2 r\ , then the binary expansion of r is as fohows 

r = fco + 2fci + 2^k2 + ■■■+ 2*kt, h e {0, 1} for i = 0, . . . , i. 

For i > 0, let 

r, = [r/T\ + 2h+i + 2^h+2 + ■■■ + 2'-'kt. 

Using reverse induction on i, we show that, for each i = t + 1, . . . , 1, 0, we can compute a triple 
{gi, hi,Xi) such that 

(3) g^ e [gf, K e [5''']'^, x~;^9iXi = g, x^'^hiX^ = g''\ 

Notice that (/io,a;o) is the desired pair because tq = r. First, define 

9t+i = .9, ht+i = e, xt+i = e. 

It is obvious that {gt+i, ht+i, Xt+i) satisfies Equation ([3]) because 17'''+^ = g^ — e. Assume that we 
have computed (5^+1, /i^+i, Xi+i) for < * < i- Define 

' 1 (/li+i)^ otherwise. 
Note that Xi+i conjugates h'^ to g'"' because 



Apply iterated cycling and decycling to h[ until a super summit element hi is obtained. Let yi be 
the conjugating element obtained in this process such that hi — yih[y~^ . Let 

Xi = yiXi+i and gi = yigi+iy~^. 

Now we claim that 17.; is a super summit element. Notice that x^+i conjugates g^+i and h'^ to g 
and (7''' respectively, and that g and g^^ commute with each other. Therefore (7^4-1 and h'^ commute 
with each other, that is, gi+ih[ — h^gi^i. In Lemma 3.2 of |LL06c) . the following is proved. 

Let g and h be elements of a Garside group such that gh = hg. Let x be the 
conjugating element obtained in the process of applying arbitrary iteration of 
cycling and decycling to h. If g is a super summit element, then so is x^^gx. 

Therefore gi is a super summit element. Note that hi is a super summit element by construction. 

The element Xi conjugates gi and hi to g and g'"' respectively, since 

x~^9iXi = {ytXi+iy^{yigi+iy^^){y,Xi+i) ^ x^_^^gi+iXi+i ^ g, 

x~'^h^x^ = (yiXi+iy^{yih'^y~'^){yiXi+i) ^ x:r^^h'^Xi+i ^ g''\ 

Therefore {gi,hi,Xi) satisfies Equation ([3]). 

Now we analyze the complexity of the above algorithm. By definitions, both ft.t+i(= e) and 
gt+i{^ g) are already in the normal form. Assume that ft-i+i and gi+i arc in the normal form for 
some Q <i <t. 

First we will show that one can compute the normal form of h'^ from (/i^+i, (7j+i) in time 
C(71atticc)- By the definition of h\ in (jU, h\ is either [hi^iYgi+i or (/li+i)^. Since both hi+i and 
gi+i are periodic super summit elements, both len(/ii+i) and \en{gi+i) are at most 1. Hence the 
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number of non-A factors in the word representing h[ is at most 3, from which it fohows that we 
can compute the normal form of h[ in time ©(Tiatticc) and that \en(h[) < 3. 

Next we wiU show that one can compute the normal forms of hi and gi from h'^ in time C(|| A|| • 
Tlattice)- Recall that yi is the conjugating element such that hi = yihiy~^ obtained in the process 
of applying iterated cycling and decycling to h'i until a super summit element hi is obtained. If h'i 
is already a super summit element, then yi — e hence we are done because hi — h[ and gi = gi+i- 
Otherwise, yi ^ e and it is in fact given as a product yi — yi^iyi^i-i • • ■ for some £ > 1, where 
each yij is a simple element or its inverse obtained in the process of each cycling or decycling 
from /i- to h,. Then £ < len(ft,-) • ||A|1 < 3|1 A]]. Using yi.i,yi.2, ■ ■ • , yi.i, construct hi,Q, hi^i, . . . , h.j 
and gi^o, gi.i, ■ ■ ■ , gi,i recursively as 

hij+i = yi,j+ihijy~j^^ and gij+i = yij+igi,jy~j+i for 0<j<e 

initializing hi^ — h[ and gi o = gt+i. Then hi^ = hi and gi^i — gi. Notice that lcn(/ii^) < 
len(/ii_^_i) < • • • < len(ft,j,o) < 3 by the definition of yij. Notice also that \cn{gij) = lcn(gi^£_i) — 
■ ■ ■ — len(gi o) < 1 because gijhij = hijgij. 

Since hi^Q{— h[) is in the normal form and yi^i is a simple element or its inverse, the number of 
non-A factors in the word representing /ii,i(= yi.ihifiy~l) is at most 5. Hence we can compute the 
normal form of hi^i from /i^.o in time ©(Tiattkc)- In a recursive way, we can compute the normal 
form of /li.j+i from hi^j in time C(Tiatticc) for j = 0, 1. Since i < 3||A||, we can compute 

the normal form of hi{— hi^i) from h'^{= hi^) in time OdlAjl • Tiatticc)- 

The analogous proof works for computing the normal form of gij+i from (gi^j,yi^j-^-i) in time 
C(21atticc) for j — 0, . . . — 1. We just need to notice that the number of non-A factors in the 
word representing gi,j+i{= yij+igijyYj_^_i) is at most 3. Thus we can compute the normal form 
of 5i(= 9i,e) from gi.o) in time 0(|jA|| • Tiatticc)- 

Therefore we can compute {gi, hi, Xi) from (gi+i, ft-i+i, .Xi+i) in time 0(|| A|| • Tiatticc) for i from 
t to 0, where gi and hi are in the normal form. Since t = Lfog2 ''J j the whole complexity of the 
algorithm is ©(logr • || A|| • Tiatticc)- □ 

The following is the algorithm discussed in Proposition 15. 71 

Algorithm I. (Power conjugacy algorithm for periodic elements in a Garside group G) 
INPUT: a pair {g, r) of a periodic super summit element g £ G and a positive integer r, where g 
is in the normal form. 

OUTPUT: a pair {h,x) of elements in G such that h £ [g^]^ and x^^hx = g"^ , where h is in the 
normal form. 

1. Compute the binary expansion r = /jq + 2A;i + 2'^k2 + • • • + 2*/ct, ki £ {0, 1}, of r. 

2. Set g' ^ g, h ^ e and a; -s— e. 

3. For i -s— i down to 0, do the following. 

3-1. If k^ = 1, set h' ^ h^g' ■ Otherwise, set h' -s— h"^ . 

3-2. Apply iterated cycling and decycling to h' until a super summit element h is obtained. 

Let y be the conjugating element obtained in this process such that h = yh'y'^^ . 
3-3. If len(/i) > 1, return "5 is not a periodic elemenf\ 
3-4. Set g' yg'y^^ and x yx. 

4. Return (ft,, x). 
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Remark 5.8. Actually Algorithm I returns the desired pair (h, x) if lens{g'') < 1 for all k even for 
a non-periodic element g. In Algorithm I, Step 3.3 is used for the CDP when called by Algorithm 
II. In any case, regardless of the summit length of g'^ , the complexity of Algorithm I is the same 
as the one in Proposition [5T1 

5.2. Algorithms in the braid groups with the BKL Garside structure. Now we make an 
algorithm in B^^^^ for solving the CDP for periodic braids. In |BGG06c] . Biman, Gebhardt and 
Gonzalez-Meneses proposed the following algorithm. 

Algorithm. (Algorith A in |BGG06c] of Biman, Gebhardt and Gonzalez-Meneses) 
INPUT: a word W in the Artin generators representing an n-braid a. 
SUMMARY: determine whether a is periodic or not. 

1. Compute the normal form of a""^. 

If it is equal to A^*"', return "a is periodic and conjugate to e^^\ 

2. Compute the normal form of a". 

If it is equal to A^*^, return "a is periodic and conjugate to 6'^" . 

3. Return "a is not periodic'\ 

The word VF"^^ has word length (n — 1)1 in the worst case, where I is the word length of W . 
Therefore the complexity of the above algorithm is 0{{ln)^ ■ nlogn) = 0{l^n^ \ogn) as shown 
in [BGG06cl Proposition 5]. If one uses the BKL Garside structure in the above algorithm, the 
complexity is reduced to 0{{ln)'^ -n) = 0{Pn^). Using Algorithm I and the fact that every periodic 
braid has summit length at most 1, we get a more efficient algorithm. 

Algorithm II. (Solving the CDP for periodic braids and the CSP for (5-type periodic braids.) 
INPUT: a G slf^^^ . 

OUTPUT: "a is not periodic" if a is not periodic; "a is conjugate to e*^" if a is conjugate to 
"a is conjugate to 6^ by 7" if 'j~'^a'-f — 6^ . 

1. Compute the normal form of a. 

2. Apply iterated cycling and decycling to a until a super summit element /3 is obtained. Let 
7 be the conjugating element obtained in this process such that (3 — j^^aj. 

li {3 = S'', return "a is conjugate to S'^ by 7". 
If len(/3) > 1, return "a is not periodic" . 

3. Apply Algorithm I to (/3, n — 1). 

If it returns S"''^ , return "a is conjugate to e^" . 

4. Return "a is not periodic" . 

Theorem 5.9. Let a be an n-braid represented by a word W in the simple elements of B^^^^ with 
|W^|simpic = I- Then there is an algorithm of complexity 0(l^n^ + n^logn) that decides whether 
a is periodic or not. Further, if a is a 5-type periodic braid, then it decides that a is a 5-type 
periodic braid and computes a conjugating element 7 such that 7^""^ 07 — 5^ in time 0{Pn'^). 

Proof. Consider Algorithm II. Step 1 computes the normal form of a, hence its complexity is 
0{Pn) by Lemma 15.51 (i). Step 2 computes a super summit element /3, hence its complexity is 
0{Pn?) by Lemma [531 fui). If a is a (5-type periodic braid, then Algorithm II stops here, returning 
the conjugating element that conjugates aio 5^^. Therefore, at Step 3, we may assume that either 
a is an e-type periodic braid or it is not periodic. In either case. Algorithm I runs in time 
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O(n^logn) by Proposition 15 . 71 and Remark l5.8l Therefore the total complexity of Algorithm II is 
0{fn'^+n'^\ogn). □ 

Before considering the CSP for e-type periodic braids, we study the case of periodic braids 
conjugate to e*^ for proper divisors d oi n— 1. 

Recall that a simple element in B^^^^ is a product of parallel descending cycles. A descending 
cycle [ik, • ■ • , ^2, *i] in -Bn is defined originally for the indices ii, . . . , with 1 < zi < ?2 < • • • < 
ik < n, and indicates the positive word ai^i^ -^ ■ ■ ■ ai^i2ai2ii- For convenience, we will allow in- 
dices congruent modulo n. Namely, the form [ij + n, . . . , ii + n, i^, . . . , ij+i] for any j means the 
descending cycle [jfc, . . . , 12, ii]. For example, the form [12, 11. 10, 9] in _Bio means the descending 
cycle [10,9,2,1]. 

Proposition 5.10. Let a be an n-braid in the normal form in bI^^^K If a [e'^]"^ for a divisor 

< d < n ~ 1 of n — 1, then there exists an algorithm of complexity 0{n'^) that computes a 
conjugating element 7 such that j^^aj — e'^ . 

Proof. Since lens{e'^) — 1 and a G [s"^]^ , a — for some a G 'D\{e,S}. We will inductively 
construct sequences {Q;i}i=o,...,r and {'ji}i=o....,r~i of n-braids for some < r < d satisfying the 
following conditions. 

• ai — S^Oi E [e'^]^ for a simple element Oi € 2?\{e, 3} for each i — 0, . . . ,r. 

• j~^a.iji = ai+i for i = 0, . . . , r - 1. 

• oo = a (and hence aa = a). The number of parallel descending cycles in a.^+i is smaller 
than that in for i = 0, . . . , r — 1. The simple element has only one descending cycle. 

Clearly, we can construct chq by definition. Suppose that we have constructed ao,...,ai and 
7o, . . . , 7i-i for some i. If has only one descending cycle, then we already have constructed the 
desired sequences. Therefore assume that Oi has more than one parallel descending cycles. Let 
q = [n — l)/d. By Proposition |4?7] (ii), at most q — 1 iterations of partial cycling on a descending 
cycle of Qi reduce the number of parallel descending cycles in a^. Let a^+i = S'^Oi^i denote the 
result and let 7^ be the conjugating element obtained in this process such that j^^aiji — Ui+i. 
Since ai € [e*^]"^ and [e'^]^ is closed under partial cycling (by Lemma a^+i G [e'^]^ . Notice 
that if one writes the simple element a as a word in the band generators, then the length is d, 
from which it follows that there are at most d parallel descending cycles in a. Hence this process 
terminates in less than d steps, that is, r < d. 

Now we have the desired sequences, and Or has only one descending cycle. By Proposition l4.7l fi). 
one has Ur ~ (5^*^*^^^e'^(5*^^ for some I < t < n, which means Ur = [t + d,t + d — 1, . . . ,t]. Let 
7 — 7o7i • • • 7r~i<^"'"^*- Then 7^-'-a7 = e'^. 

Because r < d and we perform at most q^l partial cyclings in order to obtain cti+i from a.i for 

1 — 0, . . . ,r — 1, the total number of partial cyclings in the whole process is at most d{q — 1) < n. 
Because a partial cycling can be done in time 0{n), the complexity of this algorithm is 0{n'^). □ 

The following is the algorithm discussed in Proposition 15.101 
Algorithm III. (Solving the CSP for n-braids conjugate to e'^.) 

INPUT: the normal form of an n-braid a G [e'^]^ , where 0<(i<n— lisa divisor of n — 1. 
OUTPUT: an n-braid 7 such that j~^a^ = e'^. 

1. Set 7 ^ e. 

2. While a has more than one parallel descending cycles, do the following. 
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Figure 3. The 13-braid a = 5^[1?,, 10][12, 11][6,4] 



2-1. Apply iterated partial cycling to a by a descending cycle of a until we obtain a braid 
5'^ a' such that the number of parallel descending cycles in a' is fewer than a. 
Let 7' be the conjugating element in this process such that ^''^^{S'^'a)^' — S'^a'. 

2-2. Set a ^ a' and 7 ^ 77'. 

3. If a has only one descending cycle, say [t + d,t + d — 1, . . . ,t], set 7 ^ 7(5^~'. 

4. Return 7. 



Example 5.11. This example shows how Algorithm III transforms an arbitrary periodic element 
a € [e"^]^ to e"^, where 0<rf<?i— lisa divisor of n — 1. See Figures [3] and SI Consider a 13-braid 

a = (53[13,10][12,11][6,4]. 

It is easy to see that a"* — S^^{^ £^^), hence a is conjugate to — (5'^[4, 3, 2, 1]. Note that the 
simple element [13, 10][12, 11][6,4] has three parallel descending cycles. 

(i) Iterate partial cycling on [13, 10] until it intersects another descending cycle as follows: 

[13,10]^ [10,7]^ [7,4]. 

Then the result is 

ai = [12, 11] [6, 4] [7, 4] = [12, U] [7, 6,4]. 

Note that ai = b^^abi, where 61 [10, 7] [7, 4] = [10,7,4]. 

(ii) Iterate partial cycling on [12, 11] until it intersects another descending cycle as follows: 

[12,11] ^[9,8] ^[6,5]. 

Then the result is 

a2 = <^'[7,6,4][6,5] = <5^[7,6,5,4]. 

Note that 012 = 6^^q;i52, where 62 = [9, 8] [6, 5]. 

(iii) Note that T-^{a2) = <5^[4, 3, 2, 1] = e^. Therefore fS^'^a/S = e^, where 

/3 = 6162^"^ = [10,7,4][9,8][6,5]<5--'^ = <5-3[7,4,l][6,5][3,2]. 

Proposition 5.12. Let a be an n-braid in the normal form in B^^^\ If a G [e*^]"^ for an integer 
k, then there is an algorithm of complexity 0{n^ logn) that computes 7 such that j^^a-f — e*' . 
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Figure 4. The first row shows partial cyclings on the descending cycle [13, 10] 
that is represented by dotted line. After the partial cyclings [13, 10] — > [10, 7] — ?> 
[7,4], the number of parallel descending cycles is reduced by one. Similarly, the 
second row shows partial cyclings on the descending cycle [12, 11]. 

Proof. Let u and 0<t;<ri— Ibe integers satisfying k — [n — \)u + v, and let ao — Then 
ao e [e^f. Since 5" is central, for 7 € Bn 

(5) 7""'^q;7 = e'^ if and only if 7~"'^q;o7 = e"" . 

If V ~ 0, then 7 = e, hence we may assume that < v < n ^ 1. 
Compute d = gcd(t;, n — I) and integers r and s such that 

d =: vr + {n ~ l)s and < r < n — 1. 

Using Algorithm I, compute 71 and the normal form of ai such that ai € [a^]^ and 

7r^ai7i = oiQ. 

Let a2 = then a2 G [e'^]^ . Apply Algorithm III to 012 and obtain an n-braid 72 such that 

7^^01272 = Lemma l4^ shows that, for 7 € i?„, 

(6) 7-1^07 = if and only if j-'^ {6''" a^^)-/ = e'^ . 
Since (5" is central, 

e'^ = 72"'a272 = 72"'('^"'ai)72 = 72"''^"'(7iaS7r')72 = 72"Si('^"'aS)7f ^2- 
By Equations ([5]) and 7 = 7r^72 is the desired conjugating element. 

Now, let us analyze the complexity. We can compute the integers r and s by using the extended 
Euclidean algorithm which runs in time ©(log u log 71 - 1) = ©((logTi)^) [ShoOSl Theorem 4.4 in 
page 60]. By proposition l5.71 Algorithm I with input {uq, r) runs in time ©(n^ \ogr). Algorithm III 
with a2 runs in time 0{n'^) by Proposition 15.101 Therefore the total complexity is 

0{{lognf + n'^ logr + n^) = 0{n^logr) =0{n^ logn). 
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The following is the algorithm discussed in Proposition 15 . 1 2l 
Algorithm IV. (Solving the CSP for e-type periodic braids) 

INPUT: a pair {a, k), where k is an integer and a £ [e'^]^ is an n-braid in the normal form in 

r[BKL] 

OUTPUT: an n-braid 7 such that j'^aj = e^. 

1. Compute integers u and < ^ < ^ 1 such that k = [n — \)u + v. 

2. Set k ^ V and a ^ 5~""a 

3. If A; = 0, return 7 = 6. 

4. Compute d — gcd(A;, n — 1) and integers < r < n — 1 and s such that d = kr + (n — l)s. 

5. Apply Algorithm I to {a,r). 

Let (q;i,7i) be the output. Then ai G [q'"]'^ is in the normal form, and "fi^ai^i = . 
Set a2 ^ (5"*ai. Then 012 belongs to the super summit set of e"^. 

6. Apply Algorithm III to a2. 

Let 72 be the output, then 72^^Q!272 = e"^- 

7. Return 7 = '^i^j2- 

The following is the complete algorithm for the conjugacy problem for periodic braids. 

Algorithm V. (The complete algorithm for the conjugacy problem for periodic braids) 
INPUT: a e B^f^^' . 

OUTPUT: "a is not periodic" if a is not periodic; "a is conjugate to by 7" if 7^^a7 — e^] "a 
is conjugate to S'^ by 7" if 7~"'^q;7 — S'^ . 

1. Compute the normal form of a. 

2. Apply iterated cycling and decycling to a until a super summit element ai is obtained. 
Let 7o be the conjugating element in this process such that j^^a^Q = ai. 

If len(ai) > 1, return "a is not periodic" . 

3. Apply Algorithm II to ai. 

3-1. If ai is not periodic, return "a is not periodic" . 

3-2. If ai is conjugate to S'^, Algorithm II gives an element 71 such that 7^^0171 = S'' . 
Set 7 ^ 7o7i . 

Return "a is conjugate to 6^^ by 7" . 
3-3. If ai is conjugate to e*^ for some k, Algorithm II gives the exponent k. 

4. Apply Algorithm IV to {ai,k). Let 72 be its output. 
Set 7 ^ 70 72. 

Return "a is conjugate to by 7" . 

Proposition 5.13. Let a be an n-braid given as a word W in the simple elements of B^n^^^ with 
|W^|simpic = I- Then there is an algorithm of complexity 0{Pn^ -[- logn) that decides whether a 
is periodic or not and, if periodic, computes 7 G _B,P^'^' such that ^^^a.'y — 5^ or ^~^a'y — e'' . 

Proof. It is not difficult to see that Algorithm V is the desired algorithm. Now, let us analyze the 
complexity. Step 1 computes the normal form, hence its complexity is 0{Pn) by Lemma l5.5l (i). 
Step 2 computes a super summit element, hence its complexity is 0{Pn^) by Lemma l5.5l fiiiV Step 
3 applies Algorithm II to ai whose word length is < 1. Therefore, its complexity is 0{n^ logn) by 
Theorem 15.91 Step 4 uses Algorithm IV, hence the complexity is 0{n^ logn) by Proposition l5.12l 
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(a) Our algorithms {I = | VP' j simple) 



Problems 


Algorithms 


Gomplexity 


Input word 


Necessary implementations 


GDP 


Algorithm II 


0{l'^n^ +n'^ logn) 


•[/J/simplc 


Garside structure bIP^'^' 


GSP for 5-type 


Algorithm II 




GSP for £-type 


Algorithm IV 


Oifn^ +71^ logn) 


(h) Akorithms of Birman, Gebhardt and Gonzalez-Meneses in |BGG06cJ (I = \W^''°'^\) 


Problems 


Algorithms 


Gomplexity 


Input word 


Necessary implementations 


GDP 


Algorithm A 


0{fn^ logn) 




Garside structure sj/^'*'"' 


GSP for 5-type 


Algorithm B 


0{f'n^) 


Garside structures b]^^^^^^ & SjP'^'^' 


GSP for e-type 


Algorithm C 




Garside structures b]^^^^^^ & sjP^'^' 
bijections P„,2 ^ Sym2n-2 



Table 2. Comparison of our algorithms with those in [BGG06c] 



Therefore the total complexity is 

0{l^n + l^n'^+n^ logn) ^0{fn^ + n^ logn). ^ 

5.3. Remarks on efficiency of algorithms. Here we compare our algorithms with the algo- 
rithms of Birman, Gebhardt and Gonzalez-Meneses in |BGG06c] . See Table [5] for their com- 
plexities, the form of input words and necessary implementations. Notice that the complexity 
of Algorithm IV in Table [2] is different from the one given in Proposition 15.121 This is for the 
case where an input braid is not a super summit element and not in the normal form like in 
Algorithm C. 

In the paper |BGG06c] . Birman et. al. proposed three algorithms for the conjugacy problem 
for periodic braids: Algorithm A solves the CDP for periodic braids; Algorithms B and C solve 
the CSP for (5-type and e-type periodic braids, respectively. In this paper. Algorithm II solves 
the CDP for periodic braids and the CSP for S-type periodic braids, and Algorithm IV solves the 
CSP for e-type periodic braids. 

The main difference between the solutions of Biman et. al. and ours is the way to solve the 
CSP for e-type periodic braids. Algorithm C of Birman et. al. needs implementations for the 
bijections between P„^2 and Sym2n~2, where P„^2 is a subgroup of B„ consisting of all 2-pure 
braids, that is, the n-braids whose induced permutations fix 2, and Sym2n-2 is the centralizer of 
5^2n-2) B2n-2- It is kuowu that both P„^2 and Sym2n-2 are isomorphic to the Artin group 
of type B„_i, hence there exist bijections from P„^2 to Sim2n~2 and vice versa. Birman et. al. 
constructed the bijections explicitly in [BGG06c] . 

From Table [21 our algorithms have the following advantages. 

• The inputs of our algorithms are given as words in the simple elements, while those of 
Birman et. al. are given as words in the atoms. As we discussed at the beginning of this 
section, it is more natural and more efficient to represent elements in Garside groups as 
words in the simple elements. For example, in the experiment in §4 of |BGG06c] . Birman 
et. al. generate a word in the simple elements, not a word in the atoms. 
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• The complexities of our algorithms are lower than those of Birman et. al. In the complexity 
of Algorithm C in Table [U I > n unless the input braid is the identity element. 

• Our algorithms require only implementations for Garside structure, while the algorithms 
of Birman et. al. additionally require implementations of the bijections between P„ 2 and 
Sym2n-2- 

We remark that Algorithms A and B of Birman el. al. can be revised as follows. 

• We can allow words in the simple elements as the inputs of Algorithms A and B without 
changing the complexity. Let Algorithms A' and B' be the ones revised in this way. 

• If we use the BKL Garside structure in Algorithm A', then the complexity is reduced from 
0{Pn^logn) to 0{Pn^). 

• The complexity of Algorithm B' is 0{Pn^). Algorithm B' is the same as Algorithm II. 
When analyzing the complexity of Algorithm B in |BGG06c] , they used that the time for 
computing the normal form after cycling or decycling an element with canonical length I 
is 0{Pn), however it can be done in time 0{ln). 



Problems 


Algorithms 


Complexity 


Input word 


Necessary implementations 


CDP 


Algorithm A' 




pj/simplc 


Garside structure _B,P^'"' 


CSP for (5-type 


Algorithm B' 





However, because of the transformations between P„_2 and Sym2n-2, Algorithm C does not 
allow words in the simple elements as input without increasing the complexity. 
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